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Recall: How to talk to the computer?
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Outline

• Number Representation

– Number Systems

– Integers

• Unsigned Integer

• Signed Integer

– Floating-Point Numbers

• Unsigned Binary Fraction

• Floating-Point Number Representation

• Character Representation
– ASCII
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Binary (base 2) 0 1

Octal (base 8) 0 1 2 3 4 5 6 7

Decimal (base 10) 0 1 2 3 4 5 6 7 8 9

Hexadecimal (base 16) 0 1 2 3 4 5 6 7 8 9 A B C D E F

• Common number systems:

– The radix or base of the number system denotes the 

number of digits used in the system.

• The most natural way in a computer system is by 

binary numbers (0, 1).

– (0, 1) can be represented as                                                                        

(off, on) electrical signals.

Number Systems
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https://social.technet.microsoft.com/wiki/contents/articles/22118.declaring-numeric-data-types.aspx
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Count to 100 in Decimal!
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https://www.youtube.com/watch?v=U6BCbH3Vwwk

100 = 1 × 102 + 0 × 101 + 0 × 100



“Unsigned” Integer Representation

• Consider an n-bit (or n-digit) vector

𝐵 = (𝑏𝑛−1…𝑏1𝑏0)2, 

where 𝑏𝑖 = 0 𝑜𝑟 1 (binary number) for 0 ≤ 𝑖 ≤ 𝑛 − 1

– Most Significant Bit (MSB): 𝑏𝑛−1 (i.e., the leftmost bit)

– Least Significant Bit (LSB): 𝑏0 (i.e., the rightmost bit)

• This vector can represent the decimal value for an 

unsigned integer V(𝐵) in the range 0 to 2𝑛 − 1, where

V 𝐵 = 𝑏𝑛−1 × 2𝑛−1 +⋯+ 𝑏1 × 21 + 𝑏0 × 20

• For example, if 𝐵 = 1001 2, 𝑤ℎ𝑒𝑟𝑒 𝑛 = 4
V 𝐵 = 1 × 23 + 0 × 22 + 0 × 21 + 1 × 20 = 9 10
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Denoting the base 

as a subscript



Conversion of Number Systems
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( Decimal )10 ( Binary )2 ( Octal ) 8 ( Hexadecimal )16

( 0 0 ) 1 0 ( 0 0 0 0 ) 2 ( 0 0 ) 8 ( 0 ) 1 6

( 0 1 ) 1 0 ( 0 0 0 1 ) 2 ( 0 1 ) 8 ( 1 ) 1 6

( 0 2 ) 1 0 ( 0 0 1 0 ) 2 ( 0 2 ) 8 ( 2 ) 1 6

( 0 3 ) 1 0 ( 0 0 1 1 ) 2 ( 0 3 ) 8 ( 3 ) 1 6

( 0 4 ) 1 0 ( 0 1 0 0 ) 2 ( 0 4 ) 8 ( 4 ) 1 6

( 0 5 ) 1 0 ( 0 1 0 1 ) 2 ( 0 5 ) 8 ( 5 ) 1 6

( 0 6 ) 1 0 ( 0 1 1 0 ) 2 ( 0 6 ) 8 ( 6 ) 1 6

( 0 7 ) 1 0 ( 0 1 1 1 ) 2 ( 0 7 ) 8 ( 7 ) 1 6

( 0 8 ) 1 0 ( 1 0 0 0 ) 2 ( 1 0 ) 8 ( 8 ) 1 6

( 0 9 ) 1 0 ( 1 0 0 1 ) 2 ( 1 1 ) 8 ( 9 ) 1 6

( 1 0 ) 1 0 ( 1 0 1 0 ) 2 ( 1 2 ) 8 ( A ) 1 6

( 1 1 ) 1 0 ( 1 0 1 1 ) 2 ( 1 3 ) 8 ( B ) 1 6

( 1 2 ) 1 0 ( 1 1 0 0 ) 2 ( 1 4 ) 8 ( C ) 1 6

( 1 3 ) 1 0 ( 1 1 0 1 ) 2 ( 1 5 ) 8 ( D ) 1 6

( 1 4 ) 1 0 ( 1 1 1 0 ) 2 ( 1 6 ) 8 ( E ) 1 6

( 1 5 ) 1 0 ( 1 1 1 1 ) 2 ( 1 7 ) 8 ( F ) 1 6

Every 4 bits→ 1 hex digit



Class Exercise 2.1

• Represent (255)10 in binary, octal, and hexadecimal: 
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Student ID: 

Name:

Date:



Addition of “Unsigned” Integers

• Addition of 1-bit unsigned numbers:

• To add multiple-bit numbers:

– We add bit pairs starting from the low-order (right) end, 

propagating carries toward the high-order (left) end.

• The carry-out from a bit pair becomes the carry-in to the next bit pair. 

• The carry-in must be added to a bit pair in generating the sum and 

carry-out at that position.

• For example,
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carry-out sum

carry-in 1

01111111
+    00000001

0 
low-orderhigh-order

01

1000000



Outline

• Number Representation

– Number Systems

– Integers
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• Signed Integer

– Floating-Point Numbers

• Unsigned Binary Fraction

• Floating-Point Number Representation

• Character Representation
– ASCII
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“Signed” Integer Representation (1/3)

• To represent both positive and negative numbers, we 

need different systems to represent signed integer.

• In written decimal system, a signed integer is usually 

represented by a “+” or “–” sign and followed by the 

magnitude.

– E.g. – 73, – 215, +349

• In binary system, we have three common systems:

 Sign-and-magnitude

 1’s-complement

 2’s-complement
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14

2’s r2:   

1100

+) 0001

-------

1101 

2’s r1:

10000

-) 0011

-------

1101 

“Signed” Integer Representation (2/3)
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s&m: 0011

1011

→

1’s: 0011

1100

→ →→→

• The leftmost bit (MSB) decides the sign (0: “+”, 1: “–”).

Positive values are identical in all the three systems:

• Rule: Treating the rest bits as an unsigned integer

➢ E.g., +3 is represented by 0011.

Negative values have different representations:

 Sign-and-magnitude (MSB: sign, other bits: magnitude)

• Rule: Changing the MSB from 0 to 1

➢ E.g. –3 is represented by 1011.

 1’s-complement

• Rule: Inverting each bit of the positive number

➢ E.g. –3 is obtained by flipping each bit in 0011 to yield 1100.

 2’s-complement

• Rule 1: Subtracting the positive number from the unsigned 2𝑛

• Rule 2: Adding 1 to 1’s-complement of that negative number

➢ E.g. –3 is represented by 1101 when applying either rule.



“Signed” Integer Representation (3/3)
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B Values Represented in Decimal

b3b2b1b0 Sign-and-magnitude 1’s-complement 2’s-complement

0 1 1 1 + 7 + 7 + 7

0 1 1 0 + 6 + 6 + 6

0 1 0 1 + 5 + 5 + 5

0 1 0 0 + 4 + 4 + 4

0 0 1 1 + 3 + 3 + 3

0 0 1 0 + 2 + 2 + 2

0 0 0 1 + 1 + 1 + 1

0 0 0 0 + 0 + 0 + 0

1 0 0 0 - 0 - 7 - 8

1 0 0 1 - 1 - 6 - 7

1 0 1 0 - 2 - 5 - 6

1 0 1 1 - 3 - 4 - 5

1 1 0 0 - 4 - 3 - 4

1 1 0 1 - 5 - 2 - 3

1 1 1 0 - 6 - 1 - 2

1 1 1 1 - 7 - 0 - 1



Class Exercise 2.2

• Question: Consider the decimal number -56. Please use 

8 bits to represent it in:

– Sign-and-magnitude: ________________

– 1’s-complement:        ________________

– 2’s-complement:        ________________

• Question: Consider the 8-bit vector 10110101, what is its 

decimal value when interpreted as:

– Sign-and-magnitude: ________________

– 1’s-complement:        ________________

– 2’s-complement:        ________________
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Arithmetic of “Signed” Integers

• The three signed integer representation systems 

differ only in the way of representing negative values.

• Their relative merits on performing arithmetic 

operations can be summarized as follows:

– Sign-and-magnitude: the simplest representation, but it is 

also the most awkward for addition/subtraction operations.

– 1’s-complement: somewhat better than the sign-and-

magnitude system. 

– 2’s-complement: specially designed to be efficient in

performing addition and subtraction operations.

• This is also why the 2’s-complement system is the one most often 

used in modern computers.

CSCI2510 Lec02: Number and Character Representation 2023-24 T1 18



• First consider adding +7 to -3 :

– What if we perform this addition by adding bit pairs from 

right to left (as what we did for n-bit unsigned numbers)?

– If the leftmost carry-out bit is ignored, we get (+4 ) 10.

• Rules for n-bit signed number addition/subtraction:

– 𝑿 + 𝒀

• Add their n-bit 2’s-complement representations from right to left

• Ignore the carry-out bit at the MSB position

– 𝑿 − 𝒀
• Interpret as, and perform 𝑋 + −𝑌

– Note: The sum should be in the range of −2𝑛−1~(2𝑛−1−1)

Why 2’s-complement Arithmetic?
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1
leftmost 

carry-out bit



Class Exercise 2.3
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• Using 4-bit 2’s-complement number to calculate:

• 2+3

• 2-4

• 4+(-6)

• (-7)-1

• (-5)+(-2)

• (-7)-(-5)



2’s-Complement Number Wheel
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https://stackoverflow.com/questions/55145028/binary-ones-complement-in-python-3/55145758

B Decimal Value

b3b2b1b0 1’s-comp. 2’s-comp

0 1 1 1 + 7 + 7

0 1 1 0 + 6 + 6

0 1 0 1 + 5 + 5

0 1 0 0 + 4 + 4

0 0 1 1 + 3 + 3

0 0 1 0 + 2 + 2

0 0 0 1 + 1 + 1

0 0 0 0 + 0 + 0

1 0 0 0 - 7 - 8

1 0 0 1 - 6 - 7

1 0 1 0 - 5 - 6

1 0 1 1 - 4 - 5

1 1 0 0 - 3 - 4

1 1 0 1 - 2 - 3

1 1 1 0 - 1 - 2

1 1 1 1 - 0 - 1

adding 

one



Overflow in Integer Arithmetic

• Overflow: The result of an arithmetic operation does 

not fall within the representable range.
– In Unsigned Number Arithmetic: 

• Rule: A carry-out of 1 from the MSB-bit always indicates an overflow.

– E.g. (1111)2 + (0001)2 = (1 0000)2  overflowed

– E.g. (0111)2 + (0001)2 = (0 1000)2  no overflow

– In 2’s-complement Signed Number Arithmetic:

• The carry-out bit from the sign-bit is not an indicator of overflow.

– E.g. (+7)10 + (+4)10 = (0111)2 + (0100)2 = (0 1011)2 = (-5)10

– E.g. (-4)10 + (-6)10 = (1100)2 + (1010)2 = (1 0110)2 = (+6)10

• Observation: Addition of opposite sign numbers never causes overflow.

– E.g. (+7)10 + (-6)10 = (0111)2 + (1010)2 = (0001)2 = (+1)10  no overflow

• Rule: If the two numbers are the same sign and the result is the 

opposite sign, we say that an overflow has occurred.

– E.g. (+7)10 + (+4)10 = (0111)2 + (0100)2 = (1011)2 = (-5)10  overflowed

– E.g. (-4)10 + (-6)10 = (1100)2 + (1010)2 = (0110)2 = (+6)10  overflowed
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Sign Extension

• We often need to represent a value given in a certain 

number of bits by using a larger number of bits.

– That is, how to represent a signed integer by using a larger 

number of bits?

• Sign Extension: Simply repeat the “sign bit” as many 
digits as needed to the left. (Note: It can be applied to 
both 1’s and 2’s-complement, but not sign-and-magnitude)
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– Positive Number: Add 0’s 

to the left-hand-side

• E.g. 0111 → 0000 0111

– Negative Number: Add 1’s 

to the left-hand-side

• E.g. 1010 → 1111 1010

B = b7b6…b0

2’s

complement

0 0 0 0 0 0 0 1 + 1

0 0 0 0 0 0 0 0 + 0

1 1 1 1 1 1 1 0 - 2

1 1 1 1 1 1 1 1 - 1

Example: Representing -2~+1

with 8 bits by 2’s-complement



Outline
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• Signed Integer

– Floating-Point Numbers
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• Floating-Point Number Representation
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• Consider a n-bit unsigned binary fraction:

𝐵 = 0. 𝑏−1𝑏−2…𝑏−𝑛 2

where 𝑏−𝑖 = 0 𝑜𝑟 1 (binary number) for 1 ≤ 𝑖 ≤ 𝑛

• This vector can represent the value for an unsigned 

binary fraction F(𝐵), where

F 𝐵 = 𝑏−1 × 2−1 + 𝑏−2 × 2−2 +⋯+ 𝑏−𝑛 × 2−𝑛

• The range of F(𝐵) is

0 ≤ F 𝐵 ≤ 1 − 2−𝑛

0 ≤ F 𝐵 ≈ +1.0, for a large 𝑛

Unsigned Binary Fraction

CSCI2510 Lec02: Number and Character Representation 2023-24 T1 26

Why? Geometric Series



• What is the binary fraction (0.01101)2 in decimal ?

• Method 1: 

(0.01101)2= 2−2 + 2−3 + 2−5 = (0.40625)10

• Method 2:

ൗ13
32 = (0.40625)10

Binary Fraction to Decimal Fraction
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8+4+1=13

. 0 1 1 0 1

32 16 8 4 2 1

→ → → → → →



Decimal Fraction to Binary Fraction

• What is the decimal fraction (0.6875)10 in binary ?

0.6875 * 2 = 1.3750 → 0.1???2

0.3750 * 2 = 0.7500 → 0.10??2

0.7500 * 2 = 1.5000 → 0.101?2

0.5000 * 2 = 1.0000 → 0.10112

0.0000 * 2 = 0 → End

• Answer: (0.1011)2

Why? Let’s have an analogy in decimal:

0.6875 * 10 = 6.875 → (0.6???)10

0.8750 * 10 = 8.7500 → (0.68??)10

…
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Class Exercise 2.4

• What is the decimal fraction (0.1)10 in binary ?

• Answer:
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What did we learn so far?
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• On one hand :

– Some decimal fractions (e.g., (0.1)10) will produce infinite 

binary fraction expansions.

– A 𝑛-bit unsigned fraction can only represent values in the 

range of 0~1 − 2−𝑛 and cannot represent negative values.

– The position of the binary point in a floating-point number 

varies (that’s way called floating point!).

0.232 * 104  = 2.320000 * 103 = 23.20000 * 102 = …

• On the other hand:

– A 𝑛-bit signed integer in 2’s-complement form can only 

represent values in the range of −2(𝑛−1)~2(𝑛−1) − 1.

• We need a unique representation (form) that can

 Represent the sign, and the position of the floating point.

 Represent very large integers and very small fractions.



Outline

• Number Representation

– Number Systems

– Integers

• Unsigned Integer

• Signed Integer

– Floating-Point Numbers

• Unsigned Binary Fraction

• Floating-Point Number Representation

• Character Representation
– ASCII
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Floating Point Number Representation

• In decimal scientific notation, numbers are written as :
+6.0247 × 1023, +3.7291 × 10−27, −7.3000 × 10−14, …

• The same approach can be used to represent binary 

floating-point numbers (using 2 as the base) by:

– Sign: A sign for the number

– Mantissa: Some significant bits

– Exponent: A signed scale factor (implied base of 2)

• To have a normalized representation for floating-point 

numbers, we should normalize Mantissa in the range 

[1…𝐵), where 𝐵 is the base.

– Binary System: [1…2)
• (1.b-1b-2…b-n)2 must in the range of  [1…2).
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IEEE Standard 754 Single Precision 

• The single precision format is a 32-bit representation.

– The leftmost bit represents the sign, S, for the number.

– The next 8 bits, E’, represent the unsigned integer for                         

the 𝑒𝑥𝑐𝑒𝑠𝑠 − 127 exponent (with base of 2).

• Note: The actual signed exponent E is E’–127

– The remaining 23 bits, M, are the significant bits.
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0 1 1 0 1 0 . . . 00 0 0 1 0 1 0 0 0

Value represented + 1.01101…0 2
– 87

x=

Sign of
number :

32 bits

mantissa fraction
23-bit

exponent
excess-1278-bit

S ME’

Value represented 1.M 2
E’ – 127 

x±=

0 signifies +

1 signifies -

Example:

(00101000)2 → (40)10

40 – 127 = – 87

range of E’: 0~255

(0.01101…0)2 → (0.40625)10

Note: The value of M is 

treated as unsigned 

binary fraction.

Note: No need 

to represent the 

leading 1 in M.



Class Exercise 2.5

• What is the IEEE single precision number 
(40C0 0000)16 in decimal?

• Answer:
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Sign of
number :

32 bits

mantissa fraction
23-bit

S ME’

0 signifies +

1 signifies -

Value represented 1.M 2
E’ – 127 

x±=

exponent
excess-1278-bit

range of E’: 0~255



Class Exercise 2.6

• What is (-0.5)10 in the IEEE single precision binary 

floating point format?

• Answer:
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Useful Tool

• IEEE-754 Floating Point Converter

– https://www.h-schmidt.net/FloatConverter/IEEE754.html
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https://www.h-schmidt.net/FloatConverter/IEEE754.html


• When exponent 𝐸’ = 0 (all 0’s) and mantissa 𝑀 = 0 :

– The value 0 is represented.

• When exponent 𝐸’ = 0 (all 0’s) and mantissa 𝑀 ≠ 0 :

– 𝐷𝑒𝑛𝑜𝑟𝑚𝑎𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 (i.e. very small values) are represented.

• When exponent 𝐸’ = 255 (all 1’s) and mantissa 𝑀 = 0 :

– The value ∞ is presented.

• When exponent 𝐸’ = 255 (all 1’s) and mantissa 𝑀 ≠ 0:

– 𝑁𝑜𝑡 𝑎 𝑁𝑢𝑚𝑏𝑒𝑟 (𝑁𝑎𝑁) (e.g. 0/0 or −1) is presented.

• Check this article for more information.

Special Values
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Sign of
number :

32 bits

mantissa fraction
23-bit

S ME’

0 signifies +

1 signifies -

Value represented 1.M 2
E’ – 127 

x±=

exponent
excess-1278-bit

range of E’: 0~255

https://www.ias.ac.in/public/Volumes/reso/021/01/0011-0030.pdf


Revisit: (0.1)10 in Binary (1/2)

• Unsigned Binary Fraction (32-bit)

(0.0 0011 0011 0011 0011 0011 0011 0011 001)2

• IEEE-754 Single Precision (32-bit)

0 01111011 1001 1001 1001 1001 1001 101
= +(1.1001 1001 1001 1001 1001 101)2 × 2−4

= (0.000 11001 1001 1001 1001 1001 101)2
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Revisit: (0.1)10 in Binary (2/2)

• Unsigned Binary Fraction • IEEE Single Precision

CSCI2510 Lec02: Number and Character Representation 2023-24 T1 42https://www.rapidtables.com/convert/number/binary-to-decimal.html

0.1
-) 0.09999999986030161381
-------------------------

0.00000000013969838619

0.10000000149011611938
-) 0.1
-------------------------
   0.00000000149011611938



IEEE Standard 754 Double Precision 

• The double precision format is a 64-bit representation.

– The leftmost bit represents the sign, S, for the number.

– The next 11 bits, E’, represent the unsigned integer for                         

the excess-1023 exponent (with base of 2).

• Note: The actual signed exponent E is E’–1023.

– The remaining 52 bits, M, are the significant bits.
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52-bit
mantissa fraction

11-bit excess-1023
exponent

64 bits

Sign

S M

Value represented 1.M 2
E’– 1023

x±=

E’

range of E’: 0~2047

Note: The value of M is 

treated as unsigned 

binary fraction.

Note: No need to represent 

the leading 1 in M.



Outline

• Number Representation
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– Integers

• Unsigned Integer

• Signed Integer

– Floating-Point Numbers

• Unsigned Binary Fraction

• Floating-Point Number Representation

• Character Representation
– ASCII

CSCI2510 Lec02: Number and Character Representation 2023-24 T1 44



Character Representation

• The most common encoding scheme for characters

is ASCII (American Standard Code for Information 

Interchange).

• In ASCII encoding scheme, alphanumeric characters, 

operators, punctuation symbols, and control 

characters can be represented by 7-bit codes.

– It is convenient to use an 8-bit byte to represent a character.

• The code occupies the low-order 7 bits with the high-order bit as 0.

• Extended ASCII encoding scheme uses 8-bit (or even 

more) to represent the standard 7-bit ASCII 

characters, plus additional characters.

CSCI2510 Lec02: Number and Character Representation 2023-24 T1 45



ASCII Table
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Extended ASCII Table

CSCI2510 Lec02: Number and Character Representation 2023-24 T1 47(https://theasciicode.com.ar/)

https://theasciicode.com.ar/


Class Exercise 2.7

• Represent “Hello, CSCI2510” using ASCII code:
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Decimal Binary

H

e

l

l

o

,

C

S

C

I

2

5

1

0



Summary

• Number Representation

– Number Systems

– Integers

• Unsigned Integer

• Signed Integer

– Floating-Point Numbers

• Unsigned Binary Fraction

• Floating-Point Number Representation

• Character Representation
– ASCII
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